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ON THE BOTT-CHERN AND AEPPLI COHOMOLOGY
DANIELE ANGELLA
Dedicated to the memory of Professor Pierre Dolbeault.
Abstract. This survey summarizes the results discussed in a talk at “Bielefeld Geometry
& Topology Days” held at Bielefeld University in July 2015. We are interested in quan-
titative and qualitative properties of Bott-Chern cohomology. We announce new results
obtained in [3] jointly with Nicoletta Tardini. In particular, we prove an upper bound of
the dimensions of Bott-Chern cohomology in terms of Hodge numbers. We also introduce
a notion, called Schweitzer qualitative property, which encodes the existence of a non-
degenerate pairing in Bott-Chern cohomology, like the Poincaré duality for the de Rham
cohomology. We show that this property characterizes the ∂∂-Lemma.
Introduction
We are aimed at decoding some of the information on the complex geometry of a compact
complex manifold from the cohomologies associated to its double complex of differential
forms. In particular, we focus on the information contained in the Bott-Chern and Aeppli
cohomologies. They provide, in a sense, a bridge between the holomorphic contents of the
Dolbeault cohomology, and the topological contents of the de Rham cohomology. In this
sense, it is expected that they both provide a better control on the holomorphic structure,
(see, e.g., [4] and Theorem 3.2,) and furnish natural tools for treating geometric aspects,
(see, e.g., [25]). A possible link between these two settings would be provided by a proof
of the conjecture that compact complex manifolds satisfying the ∂∂-Lemma admit balanced
metrics in the sense of Michelsohn, see [19, §6].
In this survey, we focus on quantitative properties of Bott-Chern and Aeppli cohomologies
towards the study of their qualitative properties.
More precisely, as for the “quantitative” aspects, we recall a result proven by the author
and A. Tomassini in [4]. It states that, once fixed the topological structure, there is a
lower bound on the dimension of the Bott-Chern cohomology in terms of the Betti numbers.
See [4, Theorem A] or Theorem 2.1 for a precise statement. Moreover, the lower bound is
attained if and only if the complex manifold satisfies the ∂∂-Lemma, (that is, the identity
induces natural isomorphisms between Bott-Chern, Aeppli, Dolbeault cohomologies). We
announce here an upper bound for the Bott-Chern cohomology in terms of Hodge numbers,
obtained in joint work with Nicoletta Tardini: further details and complete proofs can be
found in [3]. More precisely, in Theorem 2.2, we prove that, on a compact complex manifold
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X of complex dimension n, for any k ∈ Z, there holds
∑
p+q=k
dimCH
p,q
A (X) ≤ (n+ 1)

 ∑
p+q=k
dimCH
p,q
∂
(X) +
∑
p+q=k+1
dimCH
p,q
∂
(X)

 .
Note that a topological upper bound is not possible.
As a consequence, we get that the difference
∑
p+q=k
(
dimCH
p,q
BC(X)− dimCH
p,q
A (X)
)
is
bounded from both above and below by Hodge numbers. Such a quantity yields another
characterization of the ∂∂-Lemma: in Theorem 2.3, in joint work with Nicoletta Tardini [3],
we show that a compact complex manifold X satisfies the ∂∂-Lemma if and only if
∑
k∈Z
∣∣∣∣∣∣
∑
p+q=k
(
dimCH
p,q
BC(X)− dimCH
p,q
A (X)
)∣∣∣∣∣∣ = 0 .
This has to be compared with the characterization in [4, Theorem B], which uses instead
the vanishing of the non-negative degrees ∆k in (1):
∑
k∈Z

 ∑
p+q=k
(
dimCH
p,q
BC(X) + dimCH
p,q
A (X)
)
− 2 bk

 = 0 ,
and with [5, Corollary 4.14], which is deduced from interpretation of complex structures as
generalized-complex structures in the sense of N. Hitchin. Note also that, by the Schweitzer
duality between Bott-Chern cohomology and Aeppli cohomology [21, §2.c], the condition in
Theorem 2.3 can be written just in terms of Bott-Chern cohomology as
∑
k∈Z
∣∣∣∣∣∣
∑
p+q=k
dimCH
p,q
BC(X) −
∑
p+q=2n−k
dimCH
p,q
BC(X)
∣∣∣∣∣∣ = 0 ;
compare with the Poincaré duality and the Serre duality.
Our final aim would be to attempt the study of “qualitative” aspects, namely, of the
concrete realization of the algebra structure in Bott-Chern cohomology. Some previous
attempts were done in [6, 24], with the final motivation of understanding whether a pos-
sible notion of formality à la Sullivan for Bott-Chern cohomology makes sense. Roughly
speaking, a manifold would be “formal with respect to Bott-Chern cohomology” when the
Bott-Chern cohomology functor can be made “concrete” by means of a zigzag of morphisms
of bi-differential bi-graded algebras being quasi-isomorphisms with respect to Bott-Chern
cohomology. This is the case when there is a suitable choice of the representatives having
by themselves a structure of algebra. (A stronger request would be to ask for harmonic
representatives with respect to some Hermitian metric.) We introduce here a “qualitative”
notion, motivated by the following observation. From the geometric point of view, the
algebra structure is mainly important in connection also with the Poincaré duality. But
Hermitian duality does not preserve Bott-Chern cohomology. We will introduce a property,
called Schweitzer qualitative property, from the work in [21], that implies in fact the validity
of the ∂∂-Lemma, thanks to the above quantitative results, see [3].
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1. Bott-Chern and Aeppli cohomology
We study the geometry of compact complex manifolds X as encoded in their double
complex of forms, namely,
(
∧•,•X, ∂, ∂
)
. This is an object of bba, that is, the category
of bi-differential Z2-graded algebras. Note that any compact complex manifold admits two
natural structures: a real structure; and a non-degenerate pairing structure. These are
encoded also in symmetries of the double complex: conjugation yields a symmetry around the
bottom-left/top-right diagonal; the duality yields a symmetry around the bottom-right/top-
left diagonal.
We keep in mind the case that the double complex is a direct sum of the following two
indecomposable objects1:
• zigzags of length ℓ+ 1, where ℓ ∈ N counts the number of arrows;
· · · •
•
∂
OO
∂
// •
. . .
∂
OO
∂
// •
•
∂
OO
· · ·
• squares of isomorphisms:
•
∂
≃
// •
•
∂ ≃
OO
∂
≃ // •
∂≃
OO
In particular, zigzags of length one are called dots. By Hodge theory and elliptic PDE
theory, the cohomologies have finite dimension: whence the number of zigzag is finite, and
the number of squares is infinite.
For example, the double complex associated to a hypothetical complex structure on the
6-dimensional sphere S6 should be as in Figure 1. This example is constructed by using the
results in [26] on the Frölicher spectral sequence of a hypothetical complex structure on the
six-sphere.
Several cohomologies can be defined associated to a double complex. The first ones that
appear are the de Rham cohomology,
HdR(X;C) =
ker(∂ + ∂)
imm(∂ + ∂)
◦ Tot ,
1it seems that this assumption can be assumed without loss of generality, see the answer by Greg Ku-
perberg in the MathOverflow discussion at http://mathoverflow.net/questions/25723/, where he quotes
Mikhail Khovanov
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0 1 2 3
0
1
2
3
1
α
h0,2 + 1 − α
h0,2 − β
h1,0
h1,1 − h0,2 + α − 1
β
Figure 1. Main structure of the double complex associated to a hypothetical
complex structure on the 6-dimensional sphere. The labels count the number
of respective objects and α, h0,2, β, h1,0, h1,1 are unknown non-negative
integers. In this diagram, the infinite squares and the arrows arising from
symmetries have been removed.
(here, Tot : bba→ dga denotes the totalization functor,
Tot(A•,•, ∂, ∂) :=
( ⊕
p+q=•
Ap,q, ∂ + ∂
)
,
the category dga having differential Z-graded algebras as objects,) and the Dolbeault coho-
mology and its conjugate,
H∂(X) =
ker ∂
imm∂
and H∂(X) =
ker ∂
imm∂
.
In the model we keep in mind, constituted by squares and zigzags, the Dolbeault cohomology
is easily computed by erasing vertical arrows with their ends from the diagram, and counting
the remaining points.
Notice that Dolbeault and de Rham cohomology does not suffice, in general, for detecting
the complete structure of the double complex. For example, zigzags of odd length do not
contribute to the difference between Dolbeault and de Rham cohomology; in other words,
to the higher terms in the Frölicher spectral sequence. This means that symmetric zigzags
of odd length cannot be detected. For example, the following diagrams have the same de
Rham and Dolbeault cohomologies2:
2this example was suggested by Michela Zedda
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0
1
2
3
0 1 2 3
0
1
2
3
The last discussion serves us as a motivation for introducing Bott-Chern and Aeppli
cohomologies. Indeed, the above diagrams differ as to the number of corners; whence we get
the need for having an invariant that counts the corners. In [7, 1], Bott-Chern cohomology
and Aeppli cohomology are defined as
H•,•BC(X) =
ker ∂ ∩ ker ∂
imm∂∂
and H•,•A (X) =
ker ∂∂
imm∂ + imm∂
.
As for the Bott-Chern cohomology, it is easy to recognize that it counts the corners possibly
having ingoing arrows, except for the squares3:
◦ //❴❴❴ •
◦
OO✤
✤
✤
Dually, the Aeppli cohomology counts the corners possibly having outgoing arrows, except
for the squares:
◦
• //❴❴❴
OO✤
✤
✤
◦
Finally, we have the following diagram, where the maps are morphisms of either Z-graded
or Z2-graded algebras naturally induced by the identity:
H•,•BC(X)
xxqq
qq
qq
qq
qq
&&▼▼
▼▼
▼▼
▼▼
▼▼
H•,•∂ (X)
&&▼▼
▼▼
▼▼
▼▼
▼▼
+3 H•dR(X;C)

H•,•
∂
(X)
xxqqq
qq
qq
qq
q
ks
H•,•A (X) .
Here, the link between de Rham and (conjugate) Dolbeault cohomology is the Frölicher
spectral sequence, naturally arising from the structure of double-complex.
A compact complex manifold X is said to satisfy the ∂∂-Lemma if the natural map
H•,•BC(X) → H
•,•
A (X) induced by the identity is injective. This is equivalent to all the maps
in the above diagram being isomorphisms, see [9, Lemma 5.15]. This is also equivalent to
3in the following diagram, the filled dot at the top-right is a generator of the Bott-Chern cohomology.
Indeed, it is ∂-closed and ∂-closed: this is pictured by the fact that there is no outgoing arrow. It is not
∂∂-exact, that is, it is not the top-right corner of a square. But it can be ∂-exact and/or ∂-exact, whence the
dotted arrows in the notation. Analogous considerations hold for the diagram for the Aeppli cohomology.
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asking that the double complex associated to X be a direct sum of squares and dots, [9,
Proposition 5.17].
2. Quantitative properties of Bott-Chern cohomology
In this section, we are interested in determining quantitative relations between the dimen-
sions of the above cohomologies. This is ultimately related to what sequences of integers can
appear as dimensions of cohomologies of double complexes of compact complex manifolds.
The known restrictions on such sequences are essentially:
• restrictions arising from dimension, compactness, and connectedness;
• symmetries arising from the real structure and the non-degenerate pairing structure;
• inequalities of algebraic type as in [11, Theorem 2], [4, Theorem A], and Theorem
2.2;
• inequalities of analytic type, as the ones that hold for compact complex surfaces, see
[2] and subsequent work.
A first result in this direction is the Frölicher inequality in [11, Theorem 2]. It states that
the structure of double complex yields a spectral sequence of the form
H•,•
∂
⇒ H•dR(X;C) ,
whence the inequality
for any k ∈ Z , hk
∂
− bk ≥ 0 .
(As a matter of notation, we write, e.g., hk
∂
:=
∑
p+q=k dimCH
p,q
∂
(X); moreover, bk denotes
the kth Betti number of X.)
The discussion in the previous paragraph motivates a similar inequality for the Bott-Chern
cohomology. Indeed, recall that Dolbeault cohomology does not care horizontal arrows, con-
jugate Dolbeault cohomology does not care vertical arrows, Bott-Chern cohomology counts
possibly incoming corners, Aeppli cohomology counts possibly outgoing corners, with the
exception, in any case, of squares. Hence, just by combinatorial arguments, one recognizes
that the sum of the dimension of the Bott-Chern and Aeppli cohomologies is greater than or
equal than the sum of the dimension of Dolbeault and conjugate Dolbeault cohomologies,
which is greater than or equal than twice the Betti number. Moreover, both equalities hold
if and only if the double complex is direct sum of squares and dots, that is, if the manifold
satisfies the ∂∂-Lemma. This heuristically explains the results in [4], to which we refer for
details. The proof there uses the Varouchas exact sequences in [27].
Theorem 2.1 ([4, Theorem A, Theorem B]). Let X be a compact complex manifold. Then,
for any k ∈ Z, the kth non-∂∂-degree
∆k(X) := hkBC + h
k
A − 2 bk (1)
is a non-negative integer. Moreover, X satisfies the ∂∂-Lemma if and only if ∆k(X) = 0
for any k ∈ Z; equivalently, ∑
k∈Z
∆k(X) = 0 .
In a sense, the previous result states that an un-natural isomorphism (the one given by
equality of the dimensions — a quantitative property) ensures a natural isomorphism (the
one induced by identity — a qualitative property).
As a special case, consider compact complex surfaces. In [2] and in further discussions
with A. Tomassini and M. Verbitsky, we showed that the non-∂∂-degree of compact complex
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surfaces are topological invariants. More precisely, ∆1 = 0 and ∆2 ∈ {0, 2} according to the
complex surface admitting Kähler metrics. (Notice that, for compact complex surfaces, the
∂∂-Lemma is in fact equivalent to the existence of a Kähler metric, by the Lamari and the
Buchdahl criterion.)
We announce now an upper bound for the dimension of Bott-Chern cohomology in terms
of Hodge numbers, obtained in joint work with Nicoletta Tardini [3]. Note that we cannot
get a just topological upper bound. That is, an opposite Frölicher inequality cannot be
obtained. This is because of the even-length zigzags, which contribute to the Dolbeault
cohomology but not to the de Rham cohomology.
Theorem 2.2 ([3, Theorem 2.1]). Let X be a compact complex manifold of complex dimen-
sion n. Then, for any k ∈ Z, there holds
hkA ≤ min{k + 1, (2n − k) + 1}
(
hk
∂
+ hk+1
∂
)
≤ (n+ 1)
(
hk
∂
+ hk+1
∂
)
,
whence also
hkBC ≤ min{k + 1, (2n − k) + 1}
(
hk
∂
+ hk−1
∂
)
≤ (n+ 1)
(
hk
∂
+ hk−1
∂
)
.
Proof. We give just the idea behind the proof. We refer to [3] for details. The point is
that a contribution to Aeppli cohomology arises from zigzags of positive length ℓ+ 1. Any
such zigzag, when placed between total degrees k and k+ 1, creates exactly two non trivial
classes in either Dolbeault or conjugate Dolbeault cohomology at either degree k or degree
k + 1, and at most ⌊ℓ/2⌋ + 1 classes in Aeppli cohomology at degree k. (In particular,
⌊ℓ/2⌋ + 1 ≤ min{k + 1, (2n − k) + 1} ≤ n + 1.) The inequality for Bott-Chern cohomology
follows from the Schweitzer duality [21, §2.c] and by the Serre duality. 
In particular, for any k ∈ Z, there holds
−2(n+ 1)
(
hk−1
∂
+ hk
∂
)
≤ hkA − h
k
BC ≤ 2(n + 1)
(
hk
∂
+ hk+1
∂
)
.
In the following result, from [3], we give a characterization of the ∂∂-Lemma in terms of the
above inequality.
Theorem 2.3 ([3, Theorem 3.1]). A compact complex manifold X satisfies the ∂∂-Lemma
if and only if ∑
k∈Z
∣∣∣hkBC − hkA∣∣∣ = 0 .
Proof. We give the idea of the proof, referring to [3] for details. Recall that the Bott-Chern
cohomology counts the corners with possible incoming arrows, and the Aeppli cohomology
counts the corners with possible outcoming arrows, with the exceptions of squares. Therefore
the hypothesis can be restated as: for any anti-diagonal, the number of ingoing arrows equals
the number of outgoing arrows, except for squares. Since no ingoing arrow can enter the
anti-diagonal of total degree 0, it follows that there is no zigzag of positive length in the
whole diagram. That is, the ∂∂-Lemma holds. 
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3. Qualitative properties of Bott-Chern cohomology
By investigating the qualitative properties of some cohomology, we mean the study of
what and how algebraic structures are induced in cohomology from the space of forms.
For example, let us focus on the differential graded algebra structure on the space of forms
given by the wedge product and the exterior differential, and on the de Rham cohomology.
By the Leibniz rule, it induces a structure of algebra in cohomology. We look at HdR as a
functor inside the category dga of differential Z-graded algebras:
HdR : dga dga .
We ask for what objects X this functor can be made “concrete”, that is, when it can be
realized as a composition of quasi-isomorphisms and formal inverses of quasi-isomorphisms
in dga: e.g.,
X ///o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o
qis ❅
❅❅
❅❅
❅❅
❅ HdR(X)
C1 C2
qis
oo C3
qis
oo
qis
// · · ·
qis
// Ch−1 Ch
qis
oo
qis
;;✈✈✈✈✈✈✈✈✈
By the existence of minimal models, see, e.g., [28, Theorem in §II.3 at page 29], [8, Proposi-
tion 7.7], this corresponds to the dga of forms and the dga of de Rham cohomology sharing
the same model. A compact complex manifold whose double complex of forms satisfies such
a property is called formal in the sense of Sullivan [23]. Note that the minimal model con-
tains information on the rational homotopy groups of the manifold [23]: hence the rational
homotopy type of formal manifolds is a formal consequence of their de Rham cohomology.
Compact complex manifolds satisfying the ∂∂-Lemma (e.g., compact Kähler manifolds) are
formal in the sense of Sullivan, [9, Main Theorem]. A theory of Dolbeault formality for
complex manifolds has been developed in [18].
Notice that every compact complex manifold is formal in the category of A∞-algebras
4.
This follows from the Homotopy Transfer Principle by T. V. Kadeishvili [13]. See [17, 29, 16]
for the explicit construction of the Merkulov model. By [16], the induced A∞-structure in
cohomology yields the Massey products, up to sign. See also [20].
With these notations, a compact complex manifold is formal in the sense of Sullivan
if there exists a system of representatives H• for the cohomology such that the induced
A∞-structure on H
• is actually an algebra structure. A particular case is when the chosen
representatives are actually the harmonic representatives with respect to some Hermitian
metric. This last situation is referred as geometric formality in the sense of Kotschick [15].
In this case, a possible category to which one can restrict is the category whose objects are
dgas with a non-degenerate pairing.
Note that the wedge products on forms induces an algebra structure in Bott-Chern co-
homology, and just an HBC-module structure in Aeppli cohomology. The duality pairing
given by any fixed Hermitian metric is internal in de Rham and Dolbeault cohomologies by
Poincaré and Serre dualities, and it yields an isomorphism between Bott-Chern and Aeppli
cohomologies [21, §2.c].
4that is, strongly homotopy associative algebras: the category of A∞-algebras is equivalent to the category
of differential graded co-algebras, by means of the bar construction. We refer to [22, 14, 12, 10] for definitions
and details.
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This is an important issue, for example, in defining Massey products for Bott-Chern
cohomology. In [6], triple Aeppli-Bott-Chern Massey products are defined, starting from
Bott-Chern classes, and yielding a class in Aeppli cohomology, up to indeterminacy.
Hence, in [3], we propose the following definition, which takes into consideration the
structure of non-degenerate pairing.
Definition 3.1 ([3, Definition 5.1]). A compact complex manifold X of complex dimension
n is said to satisfy the Schweitzer qualitative property if the natural pairing
H•,•BC(X)×H
•,•
BC(X)→ C , ([α], [β]) 7→
∫
X
α ∧ β
induced by the wedge product and by the pairing with the fundamental class [X] is non-
degenerate.
The above qualitative properties implies a quantitative property which, in turn, charac-
terizes the qualitative property of the ∂∂-Lemma, thanks to Theorem 2.3. This is stated in
[3].
Theorem 3.2 ([3, Theorem 5.2]). Let X be a compact complex manifold. If it satisfies the
Schweitzer qualitative property, then it satisfies the ∂∂-Lemma.
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